IRREDUCIBLE CHARACTERS OF GSp(4,F,) 
JEFFERY BREEDING II 



Abstract. Admissible non-supercuspidal representations of GSp(4, F), where 
F is a local field of characteristic zero with an odd-ordered residue field Fq, 
have finite dimensional spaces of fixed vectors under the action of principal con- 
gruence subgroups. We can say precisely what these dimensions are for nearly 
all local fields and principal congruence subgroups of level p by understanding 
the non-cuspidal representation theory of the finite group GSp(4, Fq). The 
conjugacy classes and the list of irreducible characters of this group are given. 
Genericity and cuspidality of the irreducible characters are also determined. 
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1. Introduction 

A useful approach to finding dimensions of spaces of Siegel cusp forms is to 
investigate the representation theory of GSp(27i). Results in this group's represen- 
tation theory can be translated to results on spaces of cusp forms and vice-versa. 
Cuspidal representations are the building blocks for the representation theory of 
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certain groups in a way analogous to the construction of Eisenstein scries from 
cusp forms. More precisely, a cuspidal Siegel modular form / G Sk(r{N)) of de- 
gree n gives rise to a cuspidal automorphic representation (tt, V) of GSp(2n, A) and 
vice-versa. These cuspidal automorphic representations tt can be written in terms 
of local components n^, where v is a place of (Q. The local components of the 
automorphic representation in turn give rise to local components of the cusp form. 
An example of using this correspondence is the following, where one can find the di- 
mensions of spaces where some of these local components live. The dimensions tell 
us essentially how many choices we have for the local factors of the representation 
and therefore the number of choices of local vectors. 

Let F be a non-archimedean local field of characteristic zero with ring of inte- 
gers and maximal ideal p such that o/p is isomorphic to Fg, the finite field of 
order q — p"" for p an odd prime. Then GSp(4, o/p) = GSp(4,Fq). Consider the 
group GSp(4, F) and hence Siegel modular forms of degree 2. Define the principal 
congruence subgroup of level p", denoted by r(p"), by 



For the maximal compact subgroup K = GSp(4, o) and an admissible represen- 
tation (tt, V) of GSp(4, F), K acts on the space of vectors in V fixed by the ac- 
tion of the congruence subgroup r(p) . This space is finite dimensional by the admis- 
sibility of the representation. By definition, r(p) acts trivially on this space and so 
we have a more interesting action of the group K/T{p) = GSp(4, o/p) = GSp(4, Fq). 
The dimension of can then be determined by looking at the finite group ana- 
logue of TT. 

Our first step in determining these analogues is to find the list of conjugacy 
classes of GSp(4,Fq). This list is used to compute the classes of the Borel, the 
Siegel parabolic, and the Klingen parabolic subgroups. The main tool we use for 
determining the conjugacy classes of GSp(4, Fq) is a paper of Wall p^j, which was 
also used to determine the conjugacy classes of the symplectic group Sp(4,Fq) in 
Srinivasan's paper [18]. An isomorphism between GSp(4, Fg) modulo its center 
and a special orthogonal group is used to solve the conjugacy class problem for 
GSp(4,Fg). We then determine how the conjugacy classes split in the Borel, the 
Siegel parabolic, and the Klingen parabolic subgroups. 

All of the irreducible characters of the finite group GSp(4,Fq) and their cuspi- 
dality and genericity are determined. Cuspidality is determined by defining cusp- 
idal representations on the Borel, the Siegel parabolic, and the Klingen parabolic 
subgroup and then inducing. The irreducible non-cuspidal representations are pre- 
cisely the irreducible constituents of these induced representation. Criteria are 
determined for these induced characters to be irreducible. If an induced character 
is reducible, then the constituents are found. 



Let Fg denote the finite field with q — p" elements, with p an odd prime. 
Definition 2.1. The group G = GSp(4,Fg) is defined as 



r(p") = {5eGSp(4,o) : g EE /(modp")} 



2. Basic definitions and notations 



1\ 



GSp(4,Fg):= {g e GL(4,Fg) : *gjg = A J}, where J 
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for some A G F^, which will be denoted by X(g) and called the multiplier of 5. The 
set of all g £ GSp(4,Fq) such that X{g) = 1 is the subgroup Sp(4,Fq). 

Let K be a generator of F^4 and let ( = k*?^^^, 6 — 7] — 6"^^, and 

J — 6**+^. The element rj is the generator of the set of elements in Fg2 whose norm 
over Wq is 1 and C is the generator of the set of elements in Fg4 whose norm over 
Fq2 is 1. Define the sets 
i?l = {!,..., 

i?2 is a set of j{q — 1)^ distinct positive integers i such that 6*% 6*"% 9'^'^, and 

are all distinct, 

ri = {l,...,i(g-3)}, 

r2 = {l,...,i(g-l)}, 

r3 = {i,...,g-i}. 

Note that for any 5 e G, we can uniquely write g as 

where g' G Sp(4,Fq). 

The order of Sp(4, Wq), as computed by Wah, is q^{q'^ — - !)• So the order 
of GSp(4, F,) is g4(g4 _ i)(^2 _ ^^(^ _ 

3. CONJUGACY CLASSES 

The conjugacy classes of the unitary, symplectic and orthogonal groups can be 
determined using the results of Wall [19]. Srinivasan, in [18], used Wall's results to 
explicitly determine the conjugacy classes of Sp(4,Fq). 

Wall's results cannot be directly used to determine the conjugacy classes of 
GSp(4,Fq) but they can be used to find the classes of S0(5,Fq). This is partic- 
ularly useful because S0(5,Fg) is isomorphic to PGSp(4, F,) := GSp(4,Fq)/Z, 
where Z is the center of GSp(4,Fq). These classes are then used to determine the 
classes of GSp(4, F^). Explicitly, the list of conjugacy classes of GSp(4, F^) is given 
in the following table. 

Table 1: Conjugacy classes of GSp(4,Fq) 



Notation 


Class representative 


Number of 
classes 


Order of 
centralizer 


^i(fc), 
fc e T3 




7 

\ 1") 




q-1 


#GSp(4,F,) 


ken 




(1" \ 
-y" 1" 
1" 

\ 7V 




q-1 


qHq'-i){q-i) 
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Table 1 - Continued 



Notation 


Class representative 


Number of 
cleisses 


Order of 
centralizer 


A3l{k), 




/j" 7'=\ 

k k 

7 -7 
7'= 

V 7V 




q-1 


2q^{q - 1)2 






A: 

7 -7 
7" 

7*° y 




q-1 


2q^{q^ - 1) 


ken 




fj" 1" -1" \ 

k k 

7 -7 
I 7'' 




q-1 


q\q-l) 


Sll(fc), 

fe e T2 




7 

7'= 

V --V 




q-1 
2 


q\q^-inq-l) 


Sl2(fc), 

fe e T2 


/ 
\ 


7" 

7'= + ^ 


\ 
/ 


q-1 
2 


qHq^-l){q-l) 


B2i{k), 

fc £ T2 




r 7^ 1 

I -7V 




q-1 
2 


(Z(g2-l)(g-l)2 


B22{k), 

fe e T2 




g-1 
2 


3(5^-1)' 


i?3(fc), 
fe 6 T3 




/-7'° 7'° \ 
\ -7V 




q-1 


q\q^ - - 1) 
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Table 1 - Continued 



Notation 



Class representative 



Number of 
cleisses 



Order of 
centralizer 



B4l(fc), 

fe e T2 

B42{k), 

fe e T2 

fe e T2 

B44(fc), 

fe e T2 



/-7 



-7 
7 



fc+i 



7'=\ 

-7V 
7'= \ 

-7V 



27 



67 



27'" 



9-1 
2 ' 

2 ' 

2 ' 
g-1 



2^2(9 - 1) 



fe e T2 



-7 



-7 -7 

-7V 



9-1 



q{q - 1)' 



fe e T2 



/ 27*= 



-27 



fc+1 



9-1 



9(9' - 1) 



Ci(i,fc), 

i G Ti 

fe e T3 



(9-l)(9-3) 



g(g2-l)(g-l)2 



^7 



C2i(i, A;), 

i e Ti 

fe e T2 



/7'= 

V 



(9-l)(9-3) 



(9-1)^ 



C22(«,fc), 
i e Ti 

fe e T2 



/ 7-= 



(9-l)(9-3) 



(9'-l)(9-l) 
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Table 1 - Continued 



Notation 


Class representative 


Number of 
cleisses 


Order of 
centralizer 


C3(*,fc), 

i e Ti 
fe 6 T3 




(1" -1" \ 
V 7'=+7 




(g-l)(g-3) 
2 


9(5 - 1)' 


C4(*,fc), 
i e Ti 

fe e Ts 




/7' -7''\ 

V 7" / 




(<?-!)(<? -3) 
2 


9(5 - 1)' 


C5(i,fc), 

i e Ti 
fe e T3 




/7''+* \ 
7' 

7 

V 7*'-v 




(9-lj('i-3) 
2 


g(g2-l)(g-l)2 


i,3 e Ti 

j < j 
fe e T3 


/ 
\ 


7'= 


\ 
/ 


(,_!)(,_ 3)(g_ 5) 
8 


{q-lf 


i e R2 

fe 6 T3 




(-<" \ 
V 7'=+V 




4 


(g2-l)(g-l) 


^)2(^,fc), 

fe 6 T3 


/ 

V 


7'=e' 


\ 
/ 


2 


9(5^-1)' 


D3i{i,k), 

i e T2 
fe e T2 




(g-i)' 
4 




D32{i,k), 

i e T2 
fe e T2 


D32{i,k) 


4 
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Table 1 - Continued 



Notation 


Class representative 


Number of 
classes 


Order of 
centralizer 


D4{i,j, k), 

i e T2 
3 e Ti 

k eT3 


/ 
\ 




\ 
/ 


(9-l)'(a-3) 
4 




D5{l,k), 

i e T2 

keT3 




V 7'e«V 




2 


q{q^ - 1) 


D&ii, k), 

i G T2 
fc G T3 




7'= J)"' 

V 7V 




2 


- 1)2 


D7{i,j, k), 

», 3 G T2 
I < j 

k e T3 


Drihj, k) 


(9-i)'(g-3) 

8 




Ds{i,k), 

i G T2 
k£T3 


1 
\ 


k i 
7 >? 

7*77-' 

7*= . 


\ 
/ 


2 


- 1) 


Dg{i, fc), 

i G Ri 
kiETs 


Dg{i,k) 


4 





where a, & G s.t. — +6^7 is a square and c = 7+ 1. There arc ((j^ + 2g+4)((7—l) 
conjugacy classes. Explicit forms of the classes 1)32(1, fc), Di{i, j,k), and Dg{i,k) 
are omitted since they have a more complicated form and are not classes of the 
Borel, the Siegel parabolic, or the Klingen parabolic subgroup. The reader may 
notice that some of the class representatives are in a form with entries not in F^, 
but in Wq2. This is done to more immediately indicate the eigenvalues. 

4. Borel, Siegel parabolic, and Klingen parabolic subgroups 

The conjugacy classes of the Borel, the Siegel parabolic, and the Klingen par- 
abolic subgroup can now be easily computed using Table [1] One does this by 
determining which conjugacy classes have a non-empty intersection with the sub- 
group, determining how each class splits, and computing the order of the centralizer 
of the class in the subgroup. 
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4.1. Borel. The Borel subgroup B of GSp(4, F,) is the set of ah of the upper 
triangular matrices, 



B 



< 



!|< !(! !(! 

* * * 



G GSp(4,F, 



Every element g & B can be written uniquely in the form 
(a 

9 = 



cb- 



\ 



\ 




/ 




1 X 






1 




J 




V 



K 

-A 



with a,b,c G and x, k,X,h G Fg. The order of B is therefore q'^{q — 1)^. The 
multipher of the matrix g given above is \{g) = c. The subgroup of B of elements 
which have 1 on every entry on the main diagonal is denoted by -/Vgsp(4). 

4.2. Siegel. The Siegel parabohc subgroup P of GSp(4, Fg) is the set of all block 
upper triangular matrices. That is, 



G GSp(4,F,) 

Every element p G P can be written uniquely in the form 





* * *^ 

* * S|! 


I 


* * 



/a b 




\ 






c d 






1 X n 




Aa/A 


-A6/A 




1 


V 


-Ac/A 


Ad/A 1 


V 


1/ 



with A = ad - 6c G F^^ , A G F^ and G Fq. The order of P is therefore 

q^{^ — l){q — Vf. The multiplier of p is A(p) = A. We also define 



1 



1 



for any A G GL(2, Fq). With this notation, any element p' in the Levi subgroup of 
P can be written uniquely as 



P 



with A G GL(2,F5) A G F^. 



4.3. Klingen. The Klingen parabolic subgroup Q of GSp(4, Fg) is the set of all 
matrices of the form 



Q 



* * * 

* * * 
* 



G GSp(4,Fq) 



> . 
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Every element g G Q can be written uniquely in the form 

ft \ /I X iJ, k\ 

_ a b 1 ^ 

^~ c d ■ 1 -A ' 

with A = ad - be e ¥g , t G ¥g , and k, A, G Fg. The order of Q is therefore 
q'^{q^ — l){q — 1)^. The multiplier of g given above is X{g) = A. 

4.4. Conjugacy classes of B, P, and Q. The following tabic indicates which 
conjugacy classes of GSp(4,Fg) have a non-empty intersection with the Borel, 
Klingen parabolic, or Siegel parabolic subgroup. The numbers in the table in the 

columns B, P, and Q indicate if a conjugacy class intersects the respective subgroup 
and how many splittings it has. Blank entries indicate empty intersections. 

Table 2: Conjugacy classes of B. P. and Q 



Class 


B 


P 


Q 


Class 


B 


P 




Ai{k) 


1 


1 


1 




4 


3 


2 




2 


1 


2 


C2i{i,k) 


8 


4 


4 


AM 


3 


2 


2 


C22{l,k) 




2 




A32ik) 


1 


1 


1 


Cs{i,k) 


4 


3 


2 


A5{k) 


1 


1 


1 


Ci{i,k) 


4 


2 


3 


Bn{k) 


2 


1 


2 


C^{i,k) 


4 


2 


3 


Bi2{k) 




1 




Ce{i,j,k) 


8 


4 


4 


B2i{k) 


4 


3 


2 


Di{i,k) 






2 


B22{k) 




1 




D2{i,k) 




1 




Bz{k) 


2 


1 


2 


D3i{i,k) 




2 




Biiik) 


2 


1 


2 


D32{l,k) 








Bi2{k) 


2 


1 


2 


Di{i,j, k) 




2 




B43(fc) 




1 




D^{i,k) 




1 




Bii{k) 




1 




D(iii,k) 






1 


S5l(fc) 


4 


3 


2 


DriiJ, k) 








Br,2{k) 




1 




D&{i,k) 






1 




Dg{i,k) 









5. Parabolic induction 

The character values of parabolically induced representations supported on the 
subgroups B, P, and Q can now be computed. If a conjugacy class is not listed in 
the following character tables, the character value on that class is 0. 
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5.1. Borel. Let xi) X2, and a be characters of the multiphcative group . Define 
a character on the Borel subgroup B by 

/a * * * ^ 



Xi(a)X2(&)o-(c). 



V ca-V 

The character of this representation is given by xi(a)x2(^)o'(c). This representation 
is induced to obtain a representation of GSp(4,Fq), denoted by Xi ^ X2 x c. The 
standard model of this representation is the space of functions 

/:GSp(4,F,)^C 

satisfying 

/a * * 



/(%) = Xi(a)X2(&)o-(c)/(fl'), forall h = 



b * 



* \ 



V 



e B. 



ca 



7 



The group action is by right translation. The central character of Xi x X2 xi cr is 
XiX20'^- The character table of xi x X2 xi cr is the following. 



Table 3: Xi x xa >^ o" character values 



Class 


Xi X X2 X c character value 


Ai{k) 




A2{k) 




Asiik) 


(3g+l)xi(7')X2(7')'^(7'') 


A32{k) 


(g + l)Xi(7')X2(7')f^(7'') 


Asik) 


Xi(7*')X2(7*')(t(7^*') 


Bii{k) 


{q + 1)^X1 (7'^)X2(7'=)a(7^'=)(xi(-l) + X2(-l)) 


B2iik) 


(5 + l)Xi(7')X2(7')^(-7'') (1 + Xi(-l)X2(-l) 
+ Xi(-1)+X2(-1)) 


Bz{k) 


{q + l)Xi(7'=)X2(7'=)a(7^'=)(xi(-l) + X2(-l)) 




\lh'0\2h''>h-'0(\l(-l)+\2(-l)) 


Bi2ik) 


Xi(7'^)X2(7'^)<7(7^'=)(xi(-l) + X2(-l)) 
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Table 3 - Continued 



Class 


Xi X X2 XI c character value 




Xi(7'=)X2(7'=V(-7''=) (l + Xi(-l)X2(-l) + Xi(-l) + X2(-l)) 


Ci{i,k) 


{q + l)Xi(7'=)X2(7*=)<7(7'*=+') (l + Xi(y)X2(y) + Xi(y) + X2(y)) 


C2i{i,k) 


Xi(7'^)X2(7'M-7''+*)(xi(-l) + X2(-l) + 
Xi(-l)x2(-l)(xi(70 + X2(70) + (Xi(-l) + 
X2l-J-jjXi(,7 jX2i7 ) + Xll7 ) + X2l7 ) J 


C3{i,k) 


Xi(7')X2(7')f^(7''+') (l + Xi(y)X2(y) + XiiY) + X2(7')) 


CS.k) 


Xi(7')X2(7')'^(7'')(xi(y) + Xi(7-'') + X2(y) + X2(7-^)) 


C5{i,k) 


(a + l)Xi(7')X2(7')f^(7'')(xi(70 + Xi(7-0 + X2(y) + X2(7-0) 


CeiiJ, k) 


Xi(7')X2(7')^(7"=+'+^)(xi(y) + XI (7^) + X2(7') + X2(7^')+ 
Xi(y+^')(X2(7') + X2(7^')) + X2(y+^')(xi(7') + XI (7^))) 



5.2. Siegel. Let (tt, V) be an irreducible representation of GL(2, F^), and let a be 
a character of . Define a representation of the Siegel parabolic subgroup P on 
^by 

The character of this representation is given by cr(c)x,r(^)i where Xw is the character 
of TT. This representation is induced to obtain a representation of GSp(4,F5), 
denoted by tt xi ct. The standard model of this representation is the space of functions 

/:GSp(4,Fg)^y 

satisfying 

f{hg) = a{c)7:{A)f{g), for all h = (^"^ G P 

The group action is by right translation. If tt has central character cj^r, then the 
central character of tt x: a is ui^a"^. The character table of tt xi cr is the following. 
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Table 4: tt x tr character values 



Class 


n X a character value 


Ai{k) 


V 7 / 


A2{k) 


(<? + iM7^'=)x.((^' .)) 




\ \ 7/ \ 7/^ 


A32{k) 


^(7^'=)X.((^' .)) 
V 7 / 


As{k) 


'^(7^'^)X4(^' A)) 


Bii{k) 




Bi2{k) 


/^fe+l/2 \ 

(g2 + l)<7(7^^+i)x.((^^ 


B2i{k) 


-(-7^^)(x.((^ ^.))+X.(( ^ 
+ (9 + l)x.((^' .))) 


B22{k) 


V -1 ' J 


B3{k) 


(9+lM7^'=)x.((^' _^,)) 


B^iik) 


^(7^'=)X.((^' _^.)) 


Bi2{k) 


^(7^'=)X.(('^' _^.)) 
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Table 4 - Continued 



Class 


■w X a character value 




/^fe+l/2 \ 
^t.,2k+l\^, ({I \\ 
(^(7 ^ )Xn{y _^k+l/2 J) 




/^fe+1/2 \ 

^{i ^ )xn{y _^fc+i/2 j) 






B52(fc) 


/^fe+l/2 \ 

-(-7^^+^)x.(('^ _^.+i/2)) 


Cl{i,k) 


+(? + l)x.((^' 


C2i{i,k) 




C22{i,k) 


. /^fe+1/2 \ 

<.(-7^'=+^+^)(x.((^ _^.+i/2)) + 
V V\ 

XttI^ _^k+i+\/2j)) 


Cs{i,k) 


<7(7 )[xAy ^kj) + xAy ^k+zj) + 


Ci{i,k) 


-(7^'=)(x.((''' ^.+,))+X.((^' ^._,))) 


C5{i,k) 


(g + lM7^^)(x.((^' ^,+,))+X.((^' ^.-.))) 
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Table 4 - Continued 



Class 


TT X IT character value 






D2{i,k) 




D3i{i,k) 




Di{i,j, k) 




D^{i,k) 


-(7^'=-^)x.((^''' ^.,,.)) 



5.3. Klingen. Let x be a character of , and let (tt, V) be an irreducible repre- 
sentation of GL(2, Wq). Define a representation of the Klingen parabolic subgroup 
Q on y by 



/t * * * \ 
ah * 
c d * 



a b 
c d 



where A = ad — be. 



The character of this representation is given by x(^)X7r(f ^, l)j where Xtt is 

\c dj 

the character of tt. This representation is induced to obtain a representation of 
GSp(4, Fg), denoted by x >^ ^i". The standard model of this representation is the 
space of functions 

/:GSp(4,Fg)^y 

satisiying 

/t * * * \ 

f{hg) = x{t)7T{('' %f{9), forall/^= ^ * 



c d 



V 



The group action is by right translation. If tt has central character oJt^, then the 
central character of x x is x^v The character table of x ti" is the following. 
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Table 5: character values 
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Conjugacy 
class 


X X Tr character value 


Ai{k) 


V 7 / 


A2{k) 


x{i')(xa(^' .)) + 9(9 + i)x.(f^' \))) 








iQ + i)x{i')xA(^' \)) 


A5{k) 


V 7 y 


Bn{k) 


V V 7 / V -7 / ^ 


B2i{k) 


(g+l)x(7'=)(l + x(-l))x.(^' ,)) 


B3{k) 


X(7')(x(-l)x.(f^' .)) + (« + l)x.(f"^' tfe))) 


Bii{k) 


X(7^)(X(-1)X.((^' i)) + X.(("^' \))) 

V V7/ V -1 ) ' 


BA2{k) 


X(7'^)(X(-1)X.((^' _!^.))) 


B5i{k) 


X(7'=)(l + X(-I))x.((^' 


Ci{i,k) 


(9 + l)x(7'=)(l + x(y))x.((''' ^.+.)) 
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Table 5 - Continued 


Conjugacy 
class 


X x 7r character value 


C2i{i,k) 


+(i + x(-y))x.(("^' 


Cz{i,k) 


x{i%i + x{i'))x.{{^' 




X(7'=) ((X(70 + X(7-^))X.( ^u) ) + X.{\^ ^u-i) )) 




X(7')((x(y) +X(7-0)X^((^' ^fe)) + (? + 


C6{i,j,k) 


X{l%{l+X{l'^'))x.{y + 

(X(70+X(7^))X^((^' 

\ 7 / ■' 


Di{i,k) 


X(7'=)(l + X(70)x.((^'^^ )) 


De{i,k) 


(9+l)x(7'=)x.((^'^^ ^.^_.)) 


Di{i,k) 





6. Generic representations 
Recall the subgroup -/Vgsp(4) of GSp(4,F5) defined by 



GSp(4) 



r /I y * 

1 X 

1 



1/ 



G GSp(4,F<,) 
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Let ipi and tjj2 be non-trivial characters of F, 
-^GSp(4) defined by 

(I y * *\ 

1 X ^ 



q and let tl)M 



be the character of 



N 



1 



V 



-y 



= tpi{x)i)2{y)- 



1/ 



This defines a representation of Nqs-p(4)- Denote the representation of GSp(4, Fg) 
induced from t/j^v by Q and its character by xg- 

If (tt, V) is an irreducible representation that can be embedded into Q, we call 
its image a Whittaker model of w and say that tt is generic. A Whittaker model of 
TT is then a space W{Tr) of functions 



W : GSp(4,Fg) C 



having the property that 
//I 

W 



\ 



* 

-y 
1 1 



Mx)My)w{9). 



J 



Genericity of an irreducible representation tt of GSp(4, Fg) is easy to determine 
using character theory. Indeed, for a particular irreducible non-cuspidal representa- 
tion TT of GSp(4,Fq) with character Xin one computes the inner product {XinXg)- 
If (XtdXc) = 0; then tt is not generic. If [x-k^Xg) 0) then tt is generic. Moreover, 
when (xttjXg) 0, then {xtt,Xq) — 1: i-^-, Whittaker models are unique. The 
uniqueness of Whittaker models is known in general, but it is verified computation- 
ally. 

Therefore, to determine genericity, one computes the conjugacy classes of -/Vgsp(4) 
and the character table of Q. The character table of G is the following. 



Table 6: Q character values 



Conjugacy 
class 


Q chctracter value 


Ai{q-l) 


{q^-l)[q^-l){q-l) 


A2{q-l) 


-{q^-l){q-l) 


A^i{q-l) 


-{q^^l){q-l) 


Az2{q-l) 




A^iq-l) 


q-1 



We calculate [xg^Xq) = Q^iQ — 1)) which means that there are precisely q^(q— 1) 
irreducible generic representations of GSp(4, Fg). 
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7. Irreducible characters 

All of the irreducible characters of Sp(4, F^) were determined by Srinivasan in 
[15] , Her list of characters is used to determine all of the irreducible characters 
of GSp(4, Wq). A complete list of irreducible characters of GSp(4, Wq) will help to 
determine the irreducible constituents of the parabolically induced representations 
defined on the Borel, the Siegel parabolic, and the Klingen parabolic subgroup. 
These constituents are the non- cuspidal characters. 

The irreducible characters of GSp(4,Fq) are determined as follows. Each irre- 
ducible representation of Sp(4, Fg) is extended to a representation of GSp(4,Fq), 
where GSp(4,F,)+ := Z- Sp(4,Fq). Note that GSp(4,F5)+ is an index two sub- 
group of GSp(4,Fq) and that Z n Sp(4,F5) = ±1, where / is the identity of 
GSp(4,Fq). For an irreducible representation tt of Sp(4,Fq), an irreducible repre- 
sentation 7r+ of GSp(4, Wq)~^ is constructed by defining TT~^{z-g) :— a{z)TT{g), where 
a is a character of Z, hence a character of F^ . By Schur's Lemma, elements of Z 
act as scalars on vectors in the space of tt. To ensure that this new representation 
is well-defined, it is required that a(±l) acts as 7r(±/) on the space of tt. The 
character of this new representation is a{z)xTT{g), where Xtt is the character of tt. 
This representation is then induced to GSp(4, Fg). The induced representation is 
either irreducible or has precisely two irreducible constituents. 

The group GSp(4, F^)"*" only has elements with square multipliers and so the in- 
duced character takes the value on the non-square multiplier classes of GSp(4, F^). 
If the induced character decomposes into two constituents, then the sum of the val- 
ues of the constituent characters on the non-square multiplier classes is 0. The 
values of the constituent characters on the square multiplier classes are half the 
values of the induced character on those classes. 

The list of all of the nontrivial irreducible characters of GSp(4, Wq) is now given 
using the notation of Srinivasan in [18] obtained using the method described above. 
Let a : F^ — > (D^ be a character. The notation used is described as follows. Let 
X be an irreducible character of Sp(4, F^). ax will denote the irreducible character 
of GSp(4, Fg)+ obtained by extending x to GSp(4,Fq)"'' by a character a on its 
center. The character of GSp(4,Fq) induced from ax is denoted by Ind(ax) or 
simply by Ind(x) if a is the trivial character. 

The table below lists each of these characters, the value of q;(— 1), notation for 
the irreducible constituents of the induced character, and the dimension of each 
constituent. In the cases where the induced character decomposes, say into Xa 
and Xb, we have that Xfc — S.Xa, where ^ : F^ — > <C is the character defined by 
^(7) = — 1. Genericity of a character is indicated by a • in the "g" column. The 
abbreviation t = ^{q — I) is also used. 
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Table 7: Irreducible characters of GSp(4, Fg) 



Character 


a(-l) 


Constituents 


Dimension 


g 


Ind(axi(n)) 




Ind(axi(n))a 


(9^-1)2 


• 


n e Ri 


(-ir 


Ind(axi(n))6 


(g2 - 1)2 




Ind(ax2(n)) 


(-ir 


Ind(ax2(n))a 




• 


n e R2 


Iiid(ax2(«))6 






lnd{ax3{n, m)) 




lnd{ax3{n,m))a 


(g2 + l)(g+l)2 


• 


n, m G Ti^ n < m 




Ind(ax3(»^,"^))6 


(g2 + l)(5+l)2 




Ind(ax4(n,m)) 




Ind(ax4(ri,TO))„ 


(52 + l)(5-l)2 




n . rn T-2. n ^ ni 


Iiulfn \ \ i 1) ///));, 


('«- + 1 K(/ - 1 )- 

V 1 ' / \ 1 J 




Ind(Q!X5(n, m)) 


^_1)"+'" 


Iii(l(n,\;:, (/). ;//))„ 






n eT2,m eTi 


It1*H/ z^yA/p' f > 1 111 

mui^axsv'; ''ijjb 


q ~ 1 




Ind(ax6('^)) 


1 


Ind(Q;X6('^))a 


(g2 + l)(q_l) 




n e T2 


lnd(a.Yf,(n))h 


(g^ + l)(fl - 1) 




lnd{ax7{n)) 


1 


Ind(ax7(?^))a 


g((^2 + l)(g-l) 


• 


n e T2 


Ind(Q;X7(?^))b 


g(?2 + l)(q_l) 


• 


Ind(ax8(n)) 


1 


Ind(Q;X8(n))a 


(g2 + l)(q + l) 




neTi 


Ind(ax8W)6 


(rj2 + l)(g+l) 




Ind(ax9(^^)) 


1 


Ind(ax9(«))a 




• 


« e Ti 


Ind(ax9(n))6 


g(g2 + l)(g+l) 


• 


ma[al;i[n)) 




ma[al;i{n))a 


(q +i)(g-i) 




n e T2 


(-ir 


Ind(a^i(n))6 






Ind«;(n)) 




Iiid(a^i (n))a 


g(g2 + l)(g-l) 


• 


n e T2 


(-ir 


Ind(a$i(n))b 


q{q^ + l){q-l) 


• 


Ind(a^2i(n)) 


(-1)"+* 


Ind(a^2i(n)) 




• 


Ind«i(n)) 

n e T2 


(_i)"+t+i 


Ind(ae^i(n)) 


(g2 + l)(5-l)2 


• 
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Tabic 7 Continued 



Character 


a(-l) 


Constituents 


Dimension 


g 


Ind(a6(n)) 

n e Ti 


(-1)" 


Ind(a^3 (n))a 






Ind(a^3(n))6 






Ind«(n)) 

n e Ti 


(-1)" 


Ind(ae3(ri))a 




• 






• 


Ind(a^4i(n)) 

neTi 


(-1)"+* 


Ind(a^4i (n)) 




• 


n e Ti 




ind(a^4i(n)) 


g - 1 


• 


Ind(a$i) 


(_!)*+! 


Ind(Q;(f>i) 






Ind(Q!$3) 




Ind(a<I>3) 




• 


Ind(a$5) 


(-1)* 


Ind(Q;<i>5) 






Ind(Q;$7) 


(-1)* 


Ind(Q;(f>7) 




• 


Ind(Q!$9) 


1 


Ind(a$9)a 


9(9' + 1) 




Ind(a$g)6 


+ 1) 




Ind(Q!6»i) 


1 


Ind(a6'i) 




• 


Ind(a^3) 


1 


Ind(a6i3) 






Ind(Q!6»5) 


-1 


Ind(a6i5) 


9'(<7'-l) 


• 


Ind(Q!6»7) 


-1 


Ind(a6i7) 






iiitu ( \ U() j 


1 

1 


Ind(a69)a 






Iu(l(n^^,)fc 






iTlfl I /~vHi r. \ 


I 


In(l(n6'io)„ 






Ind(a6'io)b 


^9(9 -1)' 




Ind(a6lii) 


1 


Ind(a6'ii)a 


^9(9' + 1) 






^9(9' + 1) 




Ind(Q!^i2) 


1 


Ind(Q; 6*12)0 


^{9" + 1) 






k(<z' + 1) 




Ind(Q;0i3) 


1 


Ind(a6'i3)a 




• 


Ind(a^i3)6 




• 
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There are [q^ + 2g + 4)((7 — 1) irreducible characters and q^{q~l) irreducible generic 
characters. 

7.1. Irreducible non-cuspidal representations. The following table contains 
information on the irreducible non-cuspidal representations of the group GSp(4, Fq). 
Representations in the same group, denoted by a roman numeral, are constituents 
of the same induced representation. The reader should notice that the group nota- 
tion IV is not present. The representations associated to those given in the groups 
IV and VI in [14] are combined in the group IV*. The "g" column in the table 
indicates whether a representation is generic. 

The irreducible constituents in the table are sometimes written as twists of an 
irreducible character rather than in the form that is in the table of irreducible 
characters above. For example, the Va constituent is written as <Tlnd(0i), where 9i 
is an irreducible character of Sp(4, F,) which is extended to GSp(4, Fg)+ using the 
trivial character on the center, induced to GSp(4, Fg), then twisted by the character 
a. This constituent can also be written as Ind((T^0i). The other such constituents 
can be written using the notation in the irreducible character table similarly. 

Group I. These are the irreducible representations obtained by parabolic induc- 
tion from the Borel subgroup. More precisely, they are irreducible representations 
of the form Xi x ^2 x cr, with X1jX2j and a characters of F^. Representations of 
this form are irreducible if and only if xi Ip^' '^2 7^ Ipx and xi 7^ X2^ 1 where 
l„x is the trivial character of F^^. 

Group II. Let x be a character of F^ with x? ^ Ip^ ■ Then the induced repre- 
sentation X X X X cr decomposes into two irreducible constituents 

Ila : xStGL(2) X cr and lib: x1gl(2) x ct, 
where StGL(2) denotes the Steinberg representation of GL(2, Fg) and 1gl(2) denotes 
the trivial representation of GL(2,Fq). StGL(2) and 1gl(2) are obtained as the 
irreducible constituents of the induced representation l^x x Ipx of GL(2, F,). 

Group III. Let x be a character of F^ such that x 7^ Ip'' • Then x x l^x x cr 
decomposes into two irreducible constituents 

Ilia : X X crStGSp(2) and Illb: x. ^ crlGSp(2), 
where StGSp(2) denotes the Steinberg representation of GSp(2,Fg) and 1gSp(2) de- 
notes the trivial representation of GSp(2,Fq). StGSp(2) and 1gsp(2) are obtained as 
the constituents of the induced representation l^x x l^x of GSp(2,Fq). 

Group V. Let f be a non-trivial quadratic character of F^. Then ^ x ^ x cr 
decomposes into four irreducible constituents 

Va: crlnd(6ii) Vb: crlnd($9)a 
Vc: crlnd($9)b Vd: crlnd(6l3). 
Group VI*. Ipx X Ijpx X a decomposes into six irreducible constituents 

VPa: aStGSp(4) VI*b: (7lnd(09)a 

VI*c: alnd{0g)a VI*d: crlnd(6lii)a 

VI*e: alnd(0i2)a VI*f: alGSp(4), 
where StGSp(4) = Ind(0i3) is the Steinberg representation of GSp(4, F^) and 1gsp(4) 
is the trivial representation of GSp(4, F^). 

Group VII. These are the irreducible representations of the form x ^ ""j where tt 
is an irreducible cuspidal representation of GL{2,¥q) and x is a character of F^. 
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Representations of this form are irreducible if and only if x 7^ Ip*^ ^^'-^ X 7^ C> where 
^ is a character of order 2 such that ^tt = n. 

Group VIII. Let TT be an irreducible cuspidal representation of GL(2,Fg) with 
central character w^. Then l^x xi tt decomposes into two irreducible constituents 

Villa: Ind(w^$3) and Vlllb: Ind(w^$i). 

Group IX. Let ^ be a non-trivial quadratic character of and let tt be an 
irreducible cuspidal representation of GL(2,Fg) with central character such 
that ^TT = TT. Then ^ x tt decomposes into two irreducible constituents 
IXa: Ind(^a;^6l5) and IXb: Ind(^a;^6'7). 

Group X. These are the irreducible representations of the form tt x ct, where tt 
is an irreducible cuspidal representation of GL(2, Fg) and a is a character of Fg . 
Representations of this form are irreducible if and only if tt does not have trivial 
central character w^. 

Group XI. Let tt be an irreducible cuspidal representation of GL(2,Fg) with 
trivial central character and let cr be a character of F^ . Then tt x a decomposes 
into two irreducible constituents 

XIa: alnd{x7{n))a and Xlb: alnd{x6{n))a- 
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Table 8: Irreducible non-cuspidal representations 







Constituent of 


Representation 


Dimension 


g 


I 




Xl X X2 XI 


a 


(irreducible) 


(92 + l)(g + l)2 


• 


II 


a 


X X X X (T 




XStGL(2) X a 


q{q^ + l)iq + l) 


• 


b 


ix' ^ 1) 




X1gL(2) X (7 


{q^ + l){q + l) 




III 


a 


X X Ipx X (7 




X X crStGSp(2) 


q{q^ + l)iq + l) 


• 


b 


(XT^l) 




X X crlGSp(2) 


{q^ + l){q + l) 






a 






CTliid(6ii) 


W + l) 


• 


V 


b 


^ X ^ XI C7 




C7lnd($9)a 


q{q^ + 1) 




c 


ie = 1, ^ 7^ 1) 




C7lnd($9)6 


q{q^ + 1) 






d 








q^ + 1 






a 






<''StGSp(4) 


q' 


• 




b 












VI* 


c 


Ijpx X Ijpx X a 




crInd(^9)o 






d 




alnd{6n)a 


\q{q^ + 1) 






e 








1 i J2 1 1\ 

5^(5 + 1) 






r 
I 






<''1gSp(4) 


1 




VII 




X X TT 


(irreducible) 




• 


VIII 


a 


l^x X TT 


Ind(w^$3) 


q{q^ + l){q-l) 


• 


b 


Ind(a;^$i) 






IX 


a 


^ X TT 




Ind(^w.^5) 


q\q^ - 1) 


• 


b 


(C^l, in = 7:) 




Indi^uj^er) 






X 




TT X fj 


(irreducible) 




• 


XI 


a 


TT X a 




(7lnd(x7{n))a 


g(<z2 + l)(^_l) 


• 


b 


(Wtt = 1) 




alnd(x6(n))a 







The induced representation xi x X2 x ct is irreducible if and only if xi 7^ 1, X2 7^ !> 

and Xl 7^ xt^- 
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Several formulas are used in our proof of this table. In particular, they are used 
to establish reducibility criteria and to verify that a particular representation is a 
constituent of a non-cuspidal group of representations. Define 



Zl = 



Z3 



Z2 = 



Z4 



Z5 



Z7 



Z6 



if X2 ^ 1 

q-1 if X2 = 1 

if X2 ^ X2"' 

q-1 if X2 = X2"^ 

if X2 7^ xr' 

q-1 if X2 7^ Xi^ 



if XI 7^1 
g-1 ifxi = l 

ifXiT^xr' 

9-1 ifxi = xr^ 

if X2 7^ Xi 

0-1 ifx2 = Xl 

if 01(^)^1 
q+1 if0|(^)=l 

Lemma 7.1. Let Xi) X2 : — > C be characters. Then 

J2xih'^ + xih-') = zi-i-xi{-i) 

ieTi 

Yl Xi(y)X2(y) + Xi(7"')X2(7"') = ze-l- Xi(-l)X2(-l) 

ieTi 

Yl Xi(y)X2(7-') + Xi(7-')X2(y) = Z5-1- Xi(-l)X2(-l) 

ieTi 

Exi(7T+Xi(7-T=^3-2 

E Xi(7^+'') + Xi(y-^) +Xi(7-^+^') +Xi(7~^-^) 

= ^((^i-xi(-i)-ir-^3-g + 5) 

E (Xi(7') + Xi(7-'))(X2(y) + X2(7-')) 



q-5 



(26 + -Z5-2xi(-l)X2(-l)-2) 
q-5 



E Xi(70 + Xi(7-') + Xi(7^') + Xi(7-^') = ^ (^1 - 1 - Xi(-l)) 



iJeTi ,i<j 



E xi(y)' +xi(7-')' +xi(7^y +xi(7-^y 

i,jeTi,i<j 



q-5 



(^3 - 2) 



Proof: Straightforward. □ 
Now we prove the assertions in the above table of irreducible non-cuspidal rep- 
resentations. 

Proof: The irreducible non-cuspidal representations arc supported in the Borcl, 
the Siegel parabolic, or the Klingen parabolic. We first consider those supported 
in the Borel. 
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Borel: Let xii X2, and a be characters of F^. As in 15.11 these characters are 
used to define a representation of the Borel subgroup and induced to GSp(4, Wq) 
to obtain the representation Xi ^ X2 ^ f • From its character table, we have 

Xi X X2 XI o- = X2 X xi X 

We also have 

(xi X X2 X 0-, xe) = 1 

for all such representations Xi ^ X2 x a, indicating that exactly one irreducible 

constituent of xi x X2 x cr is generic. Also, 

(1) 

(7^ + (z5 + zq - 2)q + 1 + zj + 2ziZ2 + - Z5 - zg + z^zq 

UlXX2Xcr, XiXX2X(t) = (q~Tj2 

which has precisely four possible values: 1,2,4,8. Equation [T] is equal to 1, or, 
equivalently, Xi ^ X2 x cr is irreducible, if and only if xi 7^ 1, X2 7^ 1, and X2 7^ X?^- 
Equation [T] is equal to 2 if one of the following holds: 

1- xi ^ x^^ X2 = xr^ 

2- Xi ^ xr\ X2 = Xi 

3- xi x^^ X2 = 1 

4- Xi = X^^ Xi 7^ 1, X2 = 1 
5. Xi = 1, X2 7^ X2"^ 

6- Xi = 1, X2 = X^\ X2 7^ 1 

Equation [1] is equal to 4 if and only if xi — X2, X2 7^ 1, Xi = XT^- 
Equation [1] is equal to 8 if and only if xi = 1 and X2 = 1- 

Using the character inner product, the constituents in groups II-IV* can be 
verified. 

Siegel: Let cr be a character of and let tt be an irreducible cuspidal representa- 
tion of GL(2, Wq) with central character uJt^. As in l5.21 define a representation of the 
Siegel parabolic subgroup and induce to GSp(4, Wq) to obtain the representation 
TT X cr. We have 

(tt X cr, xe) = 1 

for all such representations tt x cr, indicating that exactly one irreducible constituent 
of TT X cr is generic. 

The sum of the dimensions of the irreducible constituents of tt x cr is (7'' — 1 . If 
TT X cr is reducible, then by dimension considerations, the possible irreducible generic 
constituents are Ind(ci;xi(?^))a, Ind(Q!Xi ('^))fc, Ind(ci;X4(?^, ^ti));,, liid{ax4{'n,m))ii, 
Ind(Q;X7("-))a, Ind(Q;X7("))6, lnd{a£,[{n))a, lnd{a£,[{n))b, Ind(Q;^2i("))> Ind(Q;$3), 
and lTid{a9c,). 

By adding character values, if tt x cr is reducible then it has precisely two irre- 
ducible constituents, uj,^ is trivial, and 

TT X cr = crlnd(x7("-))a + crlnd(x6("-))a 

for some n € T2. 

Klingen: Let x be a character of F^ and let tt be an irreducible cuspidal repre- 
sentation of GL(2, Wq) with central character Utt- As in l5.31 define a representation 
of the Klingen parabolic subgroup and induce to GSp(4,Fq) to obtain the repre- 
sentation X X TT. We have 

(x X Ti", xe) = 1 
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for all such representations xxtt, indicating that exactly one irreducible constituent 
of X XI TT is generic. 

The sum of the dimensions of the irreducible constituents of % >^ t'' is ?^ — 1- If 
X X TT is reducible, the possible irreducible generic constituents are lnd{axi{'n))a, 
Ind(axl(^^))fc, Ind(QX4(", "^))a, lnd{ax4:in,m))b, Ind(ax7(n))a, Ind(ax7(«))6, 
Ind(a^i(n))a, lnd{a£,[{n))b, Ind(a^2i ("-))) Ind(a$3), and Ind(a05). 

By adding character values, if x x ti" is reducible then it has precisely two irre- 
ducible constituents and either 

(1) X is trivial and 

Ijpx >3 7r = Ind(u;^$.3) + Ind(w^$i) 
or (2) X = ^ with ^ 7^ 1 such that ^tt = tt and 

C X TT = Ind(^w^6'5) + Ind(^w^6'7). 

□ 

7.1.1. Decompositions for types V and VI*. Here more information is given on the 
decompositions of the non-cuspidal representations supported in the Borel subgroup 
for types V and VI*. These decompositions can be verified with the character tables 
provided above using either the inner product or by adding up character values on 
each conjiigacy class. 

Group V: Constituents of ^ x ^ x a, where ^ is a non-trivial quadratic character. 

^ X ^ X cr = ^ StGL(2) X O- + C 1gL(2) X cr 

= £. StGL(2) X $cr ^ 1gL(2) X ^O-. 

Each of the four representations on the right side is reducible and has two con- 
stituents as shown in the following table. 



Table 9: Group V constituents 





StGL(2) X ^fT 


£. 1gl(2) X 


i StGL(2) X 


(Tlnd(6»i) 


crlnd($9)a 


^ 1gl(2) X cr 


C7lnd($9)6 


crlnd(6'3) 



Group VI*: Constituents of Ipx x Ijrx x a. 

Ijrx X Ipx X C7 = StGL(2) X 0" + 1gL(2) X (T 

= l]px X (TStGSp(2) + If J XI crlGSp(2)- 

Each of the four representations on the right is reducible and has three irre- 
ducible constituents as shown in the following table. The common factor alnd{9Q)a 
occurs as a constituent of each of the four representations StGL(2) x cr, 1gl(2) x ct, 
Ijpx X a-StGSp(2), and l^x x a-lGSp(2)- 
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Table 10: Group VI* constituents 





StGL(2) XI O- 


(common factor) 


1gl{2) >^ cr 


Ipx x: crStGSp(2) 


0'StGSp(4) 


(Tlnd(6'9)a 


(Tlnd(6'ii)a 


(common factor) 


(Tlml{9g)a 




o-Ind( 6*9)0 


1f,^ ^ crlGSp(2) 


(Tlnd(6'i2)a 


crlnd (6*9)0 


o'1gsp(4) 



8. Dimension formulas 

Consider the group GSp(4, F), where is a non-archimedean local field of char- 
acteristic zero. Denote its ring of integers by and let p be its maximal ideal. 
Consider only those fields F such that o/p is isomorphic to the finite field Fq so 
that GSp(4, o/p) = GSp(4,Fq). Fix a generator vj of p. If x is in F^ , then define 
i'{x) to be the unique integer such that x = uw^'^^^ for some unit u in 0^. Write 
i^(x) or |x| for the normalized absolute value of x; thus vivj) = q~^. 

Recall that a representation (tt, V) of a group G is called smooth if every vector 
in V is fixed by an open-compact subgroup K of G and (tt, V) is called admissible 
if the spaces of fixed vectors under the action of an open compact subgroup K 
are finite dimensional for any open compact subgroup K. 

The congruence subgroup of level p" of GSp(4, F), denoted by r(p"), is defined 

by 

r(p") - {5 e GSp(4, F):g = I (modp")} 

where / is the 4x4 identity matrix. 

We have the following short exact sequence 

1 r(p) — ^ GSp(4, 0) — ^ GSp(4, o/p) 1 

for the maximal compact subgroup K — GSp(4, 0) of GSp(4,F). 

Let {tt,V) be an admissible representation of GSp(4, i^). K acts on the space 
F'^'f-'. By definition r(p) acts trivially in this space so there is an action of 
GSp(4,F,) - GSp(4,o/p) ^ i^/r(p). 

For an admissible non-supercuspidal representation of GSp(4, F), the dimensions 
of the spaces l/'^^P) can be determined by looking at their finite group analogues. 
For example, consider the irreducible non-supercuspidal representation Xi ^ X2 >^ f 
given in |15j . The standard model for this representation is the space of functions 

/ : GSp(4,i^) — ^ C 

satisfying 



g) = \a'b\\c\-^/\,ia)x2{bMc)fig), 



/( 



a * * 
b * 
cb-^ 
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with group action by right translation. xi,X2, and a are characters of the multi- 
plicative group of the field i.e., xi;X27f '■ — > C^. Let us assume that these 
characters are trivial on 1 + p. We restrict these characters to to get characters 
on the multiplicative group of the finite field F^, i.e., 



Xi|ox,a := o-|„x : = (o/p)' 



7(1 + P) 



The subspace of this representation of vectors fixed under the action of 

the congruence subgroup r(p) 

V^^^"^ = {/ : figk) = f{g) for all fc e r(p)} 

is isomorphic to the space of functions / : K — ¥ (D satisfying the above 

property. These functions are then functions / : K/T{p) — > (D, hence functions 
/ : GSp(4, o/p) — > (D. So / can be considered to be a function on the finite group 
GSp(4, Fg) satisfying 



/( 



b * 



V 



ca~ 



9) = Xi{a)X2{h)cr{c)f{g). 



J 



So 

(Xl X X2 X Cr)^(P^ Xi X X2 XI <5-. 

Thus the dimension of (xi x X2 x cr)'"(P^ is {q^ + l)(g + 1)^. 

The non-supercuspidal representations obtained from parabolic induction on the 
Siegel and Klingen parabolic groups also decend to non-cuspidal representations in 
the finite group case under appropriate assumptions on the characters a and x and 
the GL(2) representation tt, i.e., tr and x are trivial on 1 + p, and tt has non-zero 
r(p)-fixed vectors for the principal congruence subgroup r(p) of GL(2,i^). 

The following table gives the dimensions of r(p)-fixed vectors in the non-super- 
cuspidal characters supported in the Borel, the Siegel parabolic, or the Klingen 
parabolic subgroup. The "GSp(4, Fg)" column indicates the finite representations 
producing the dimensions given. 
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Table 11: Dimensions of r(p)-fixed vectors 







Representation 


Dimension 


GSp(4,F„) 


I 




Xi X X2 >i cr (irreducible) 


(g2 + l)(5+l)2 


Xl X X2 X £7 


II 


a 


XStGL(2) X cr 


g(g2 + l)(5+l) 


XStGL(2) X (7 


b 


x1gl(2) x 0- 


(g2 + l)(g+l) 


x1gl(2) X a 


III 


a 


X X crStGSp(2) 


9(3' + 1) (9+1) 


X X C7StGSp(2) 


b 


X X 0-1gSp(2) 


{q^ + l){q+l) 


X X 0-1gSp(2) 




a 


0'StGSp(4) 


<f 


0'StGSp(4) 


IV 


b 


L(!/2,!/-VStGSp(2)) 


q{q^+q+l) 


(7lnd(6'9)a + c7lnd(6iii)a 


c 


i('^'/'StGL(2),^-'/V) 


q{q^ +q+l) 


crlnd(6'9)a + f7lnd(6li2)a 




d 


c^1gsp(4) 


1 


o'1gsp(4) 




a 




<zV + i) 


(7lnd(6»i) 


V 


b 


i(j^'/'^StGL(2),'^-'/V) 


9(3' + 1) 


crlnd($9)„ 


c 




q{q' + 1) 


C7lnd($9)6 




d 


L{v^,^ X zv-VV) 


g^ + l 


C7lnd(6'3) 




a 




94 + 1^(5 + 1)2 


0'StGSp(4) + Crlnd(6'9)a 


VI 


b 




hiq^ + 1) 


alnd{6n)a 


c 


T / 1 /ICij. —1/2 \ 

i(zvl/^StGL(2),i^ ' 0-) 


1 / 2 1 -1 \ 

mi + 1) 


C7lnd(6'i2)a 




d 




1 1 1 / 1-1 \2 

1 + ^9(9+1) 


1 1 T J //I \ 

o-1gSp(4) + a-Ind(^9)a 


VII 




X X TT (irreducible) 


q^-l 


X X TT 


VIII 


a 


t(5, tt) 


q{q^ + l){q-l) 


Ind(cj7r<I'3) 


b 


t(T,^) 


(g2 + l)(g-l) 


Ind(cL.v'I'i) 


IX 


a 


,5(z.e,'^~'/'7r) 


9^(9^-1) 




b 




9^-1 


Indi^uj^e^) 


X 




TT XI (T (irreducible) 


9^-1 


TT XI (7 


XI 


a 


5(1/1/2^,1.-1/2(7) 


<?(g2 + l)(g_l) 


(7lnd(x7{n))a 


b 


L(r.i/27r,i.-i/V) 


(9^ + l)(9-l) 


alnd(x6(n))a 



The dimensions in the table can be verified by comparing the decompositions of 

each type to the finite group decompositions of the corresponding type. Note that 
we may assume that a = 1 since the space of fixed vectors doesn't change under 
twisting with characters trivial on 1 + p. Indeed, let tt be a representation of 
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GSp(4, F), a a character of which is trivial on 1 + p, and v a r(p)-fixed vector. 
Then, for ah G r(p), we have 

{(JTT){g)v = a{\{g))TT{g)v = (j{\{g))v = v. 

The type VI representations require some additional information to compute di- 
mensions using Table ITOl The issue is where to place the common factor alnd{9g)a- 
It is important to note that VId has a three-dimensional subspace of Iwahori 
subgroup-fixed vectors so the dimension of its space of r(p) -fixed vectors is at 
least three-dimensional. Comparing with Table [TU] completes the argument for the 
dimensions. 
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